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Equivalent spin-orbit interaction in two-polariton Jaynes-Cummings-Hubbard model
C. Li,1 X. Z. Zhang,2 and Z. Song1, ∗
1School of Physics, Nankai University, Tianjin 300071, China
2College of Physics and Materials Science, Tianjin Normal University, Tianjin 300387, China
A hybrid quantum system combines two or more distinct quantum components, exhibiting features
not seen in these individual systems. In this work, we study the one-dimensional Jaynes-Cummings-
Hubbard model in the two-excitation subspace. We find that the center momentum of two-excitation
induces a magnetic flux piercing the 4-leg ladder in the auxiliary space. Furthermore, it is shown
that the system in pi-center-momentum subspace is equivalent to a chain system for spin-1 particle
with spin-orbit coupling. As a simple application, based on this concise description, a series of
bound-pair eigenstates is presented, which displays long-range correlation.
PACS numbers: 71.36.+c, 42.50.Pq, 03.65.Ge, 03.65.Ud
I. INTRODUCTION
A hybrid quantum system combines two or more dis-
tinct quantum components, exhibiting features not seen
in these individual systems. This provides a promis-
ing platform to study novel quantum phenomena. The
Jaynes-Cummings-Hubbard (JCH) model is an archetype
of such hybridization, which consists of the JCH and the
coupled cavities. This model was proposed for the use of
the atom-light interaction in coupled microcavity arrays
to create strongly correlated many-body models [1–3]. It
has received intensive study in a variety of directions (See
the review [4, 5] and references therein).
The researches mainly focus on the ground state phase
of many-particle system and the dynamics in single-
particle system. Mott insulator phase and superfluid
phase are identified by the traditional order parameter,
the average of the annihilation operator [3] and the ob-
servable quantities, atomic concurrence and photon visi-
bility [6]. The single-particle dynamics suggests that this
hybrid architecture can be the quantum coherent device
to transfer and store quantum information as well as to
create the laser-like output [7–9]. Recently, few-body
problem for the JCH Hamiltonian is also investigated
[10, 11], claiming the existence of two-polariton bound
states when the photon-atom interaction is sufficiently
strong.
In this work, we study the one-dimensional JCH model
in the two-excitation subspace. In each invariant sub-
space, the sub-Hamiltonian is equivalent to a 4-leg lad-
der with an effective flux, which is proportional to the
center momentum of two excitations. It is shown that in
pi-center-momentum subspace, the ladder system can be
reduced to a chain system of spin-1 particle with spin-
orbit coupling. As a simple application, based on this
concise description, a series of bound-pair eigenstates is
presented, which display long-range polaritonic entangle-
ment.
∗ songtc@nankai.edu.cn
This paper is organized as follows. In Section II, we
present the JCH model and the basis set. In Section III,
the equivalent Hamiltonian is given. In Section IV, in
pi-center-momentum subspace, the equivalent Hamilto-
nian is reduced to a chain system of spin-1 particle with
spin-orbit coupling. In Section V, a series of bound-pair
eigenstates is constructed. In Section VI, we investigate
the quantum correlation for the bound-pair states. Fi-
nally, we give a summary and discussion in Section VII.
II. JCH MODEL
The Jaynes–Cummings model describes a cavity array
doped with a single two-level atoms embedded in each
cavity and the dipole interaction leads to dynamics in-
volving photonic and atomic degrees of freedom, which
is in contrast to the widely studied Bose-Hubbard model.
Such hybrid system can be implemented with the defect
array in photonic crystal [12] or Josephson junction array
in cavity [7]. The Hamiltonian of a hybrid system, or a
lattice atom-photon system,
H = H0 +HJC +HC (1)
can be written as three parts, free Hamiltonians of atom
and photon,
HAP = ωa
N∑
l=1
a†iai + ωb
N∑
l=1
|e〉l 〈e| , (2)
the JC type cavity-atom interaction in the i-th defect
HJC = λ
N∑
l=1
(
a†l |g〉l 〈e|+H.c.
)
, (3)
with strength λ and the photon hopping between nearest
neighbor cavities
HC = −κ
N∑
l=1
(
a†lal+1 +H.c.
)
, (4)
2with hopping integral constant κ for the tunneling be-
tween adjacent cavities. Here, |g〉i (|e〉i) denotes the
ground (excited) state of the atom placed at ith cav-
ity; a†i and ai are the creation and annihilation operators
of a photon at defect i. Obviously the total excitation
number
Nˆ=
∑
i=1
Nˆi =
∑
i=1
(
a†iai + σ
z
i +
1
2
)
, (5)
is conserved quantity for the Hamiltonian H , i.e.,
[H, Nˆ ] = 0, where σzl |e〉l = |e〉l and σzl |g〉l = − |g〉l. It
can be seen that Nˆ is just the single excitation number
of the polaritons. For each cavity, the basis state can be
expressed as {|n〉l |e〉l , |n〉l |g〉l}, where the basis state of
the Fock space for l-th cavity is |n〉l =
(
a†l
)n
/
√
n! |0〉l.
In this paper, we consider the invariant subspace with
N = 2, which is spanned by the basis in the form
|2〉i|1〉i |1〉i+j
|e〉i |e〉i+j
|e〉i |1〉i′
 ≡

|2〉i 〈0||1〉i |1〉i+j 〈0|i 〈0|
|e〉i |e〉i+j 〈g|i 〈g|
|e〉i |1〉i′ 〈0|i 〈g|
 |G〉 , (6)
where j > 1 and |G〉 ≡ ∏i=1 |g〉i |0〉i denotes the empty
state with zero N . We denote the matrix representation
of the Hamiltonian of Eq. (1) in the basis of Eq. (6) as
H . In the case of real values of κ and λ, we haveH∗ = H,
which indicates that H has time-reversal symmetry.
III. 4-LEG LADDER WITH FLUX
The system in translational invariant [13]. In the two-
particle Hilbert space, the Hamiltonian H can be written
as H =
∑
kHk, where
Hk =
∑
j=1
4∑
l=1
(Jl |j, l, k〉 〈j + 1, l, k|+ λ |j, l, k〉 〈j, l + 1, k|
+H.c.) +
∑
j=1
4∑
l=1
(µl |j, l, k〉 〈j, l, k|) + hk, (7)
and
hk =
∑
j=0, l=1,3
Jl |j, l, k〉 〈j + 1, l, k|+
√
2λ |0, 1, k〉 〈0, 2, k|+
√
2J2 |0, 2, k〉 〈1, 2, k|+(8)∑
j=0, l=1,2
µl |j, l, k〉 〈j, l, k|+H.c.
where we have taken |j, 5, k〉 ≡ |j, 1, k〉 for j ≥ 1, and
|0, 1, k〉 ≡ |0, 3, k〉. The parameters reads
J1,2,3,4 =
(
−κeik/2,−2κ cos (k/2) ,−κe−ik/2, 0
)
, (9)
and
µ1,2,3,4 = (ωa + ωb, 2ωa, ωa + ωb, 2ωb) . (10)
Here the set of states {|j, l, k〉} is defined as following:
For j ≥ 1, it reads |j, 1, k〉|j, 2, k〉|j, 3, k〉
|j, 4, k〉
 =∑
l
eik(l+j/2)√
N

|1〉l |e〉l+j
|1〉l |1〉l+j
|e〉l |1〉l+j
|e〉l |e〉l+j
 , (11)
and ( |0, 1, k〉
|0, 2, k〉
)
=
∑
l
eikl√
N
( |1〉l |e〉l|2〉l
)
, (12)
The expression of Hk in Eq. (7) has a clear physical
meaning: |j, l, k〉 denotes the site state for jth site on the
l leg of a 4-leg ladder system with the effective magnetic
piercing the plaquette. The flux is proportional to the
center momentum of two excitations. The structure of
Hk is schematically illustrated in Fig. 1. We note that
the matrix representation of Hk in the basis of Eqs. (11)
and (12), Hk breaks the time-reversal symmetry. Never-
theless, we still have
∑
kHk =
∑
kHk
∗ due to the fact
that Hk
∗ = H−k = H4pi−k. In essence, the nonzero pla-
quette flux arises from the relation between the complex
coupling constants J1 = J
∗
3 = −κeik/2. In contrast, one
can see from Hk that the complex λ cannot induce a
nonzero plaquette flux. We would like to point that the
effective magnetic field in the present model is intrinsic,
different from that discussed in Refs. [14] and [15].
In order to understand the mechanism of the effective
flux, we investigate the exchange process between pho-
ton and atomic excitations from the state |ψ (l, l+ j)〉 to
state |ψ (l + j, l)〉, where
|ψ (l, l′)〉 = (|1〉l |e〉l′ − |1〉l+1 |e〉l′+1)/
√
2. (13)
The action of H provides at least two paths for this task:
The first one is described as
I: |ψ (l, l+ j)〉 (14)
→ (|1〉l |1〉l+j − |1〉l+1 |1〉l+j+1)/
√
2
→ |ψ (l + j, l)〉 ,
and another one is
II: |ψ (l, l + j)〉 (15)
→ (|1〉l+1 |e〉l+j − |1〉l |e〉l+j+1)/
√
2
→ (|1〉l+1 |1〉l+j − |1〉l |1〉l+j+1)/
√
2
→ (|1〉l+1 |1〉l+j+1 − |1〉l |1〉l+j)/
√
2
→ eipi |ψ (l + j, l)〉 .
It shows that the exchange process acquires a phase pi
along the path II, which is equivalent to the effect of a
3, ,0 ,j j j+ −
flux
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FIG. 1. (Color online) Schematic of the structures of equiva-
lent Hamiltonians for the one-dimensional JC-Hubbard model
with two polaritons. (a) In the invariant subspace with cen-
ter momentum k, the equivalent Hamiltonian Hk describes a
four-leg ladder with k-dependent flux. The shadow indicates
the semi-infinite uniform ladder. (b) For k = pi, it is equiva-
lent to a spin-1 chain with spin-orbit interaction. The graph
of Hpi consists of two unconnected subgraphs, characterized
by the parity Π = ±1. It indicates that Hpi can be further
decomposed into two independent parts Ho (blue) and He
(dark).
flux piercing the loop of two paths. This investigation im-
plies that the origin of the effective magnetic field may be
the special statistics property of the atomic excitations:
acts as a fermion at the same site but boson for different
locations.
Based on the above analysis, the two-polariton scat-
tering problem can be reduced to the study of the single-
particle time evolution in the four-leg ladder system. In
this paper, we only consider the eigen problem of the
two-polariton JC-Hubbard model.
IV. EQUIVALENT HAMILTONIAN IN
pi-MOMENTUM SUBSPACE
We focus on the case of k = pi and ωa = ωb, which
leads to HAP = ωaNˆ . It is a simple but non-trivial case,
since the hopping along the leg 2 is switched off but the
plaquette flux still takes effect. We note that the on-site
potentials µl of different legs are identical, which allows
us to ignore the diagonal terms in Hpi.
Introducing the 3-D vector bra and ket for
|j〉 = ( |j,+〉 , |j, 0〉 , |j,−〉 ) , (16)
〈j| =
 〈j,+|〈j, 0|
〈j,−|
 ,
the Hamiltonian Hpi in the pi-momentum subspace can
be expressed as
Hpi = HSO + 0
∑
j=1
|ψj〉 〈ψj | , (17)
with [HSO,
∑
j=1 |ψj〉 〈ψj |] = 0, which indicates that Hpi
is block-diagonal. The sub-Hamiltonian HSO is in the
form
HSO =
√
2iκ|0〉Sx
(
1− S2z
) 〈1| (18)
iκ
∑
j=1
|j〉Sx〈j + 1|+H.c.
+
√
2λ|0〉Sz〈0|+ 2λ
∑
j=1
|j〉Sz〈j|,
where the Pauli spin matrices for a spin-1 particle are
given by
Sx,z =
1√
2
 0 1 01 0 1
0 1 0
 ,
 1 0 00 0 0
0 0 −1
 . (19)
Here |j, Sz〉 represents spin-1 particle at jth site with
spin polarization Sz = 0,±1 and is defined as
|j,±〉 = (|j, 1, pi〉+ |j, 3, pi〉
± |j, 2, pi〉 ± |j, 4, pi〉)/2,
|j, 0〉 = (|j, 1, pi〉 − |j, 3, pi〉) /√2,
(20)
for j ≥ 1, and
|0,±〉 = (|0, 1, pi〉 ± |0, 2, pi〉) /
√
2. (21)
In addition, state |ψj〉 (j ≥ 1) is defined as
|ψj〉 = 1√
2
(|j, 2, pi〉 − |j, 4, pi〉) (22)
=
∑
l
eipil√
2N
(
|1〉l |1〉l+j − |e〉l |e〉l+j
)
,
which constructs the complete orthogonal set together
with states {|j,±〉 , |j, 0〉}. Of particular interest, |ψj〉 is
the eigenstate of H with energy 2ωa. In the expression
of Eq. (17), the zero-energy term represents this point,
where we have ignored a constant shift 2ωa. We will
discuss this problem in next section.
4Consequently, within a specific invariant subspace, the
system made of N cavity array with a single two-level
atoms embedded in each cavity appears to be equivalent
to a tight-binding chain for spin-1 particle with spin-orbit
interaction. The structures of HSO is schematically illus-
trated in Fig. 1. Intuitively, the graph of HSO consists
of two unconnected subgraphs. This can be seen by ob-
serving that the parity operator
Π̂ = (−1)j+Sz+1 (23)
with Π̂ |j, Sz〉 = Π |j, Sz〉 and Π = ±1, characterizing the
two subgraphs.
Then we conclude that the equivalent Hamiltonian
HSO can be decomposed into two independent parts
HSO = Ho +He, (24)
with [Ho, He] = 0, and [Π̂, He] = [Π̂, Ho] = 0. The sub-
Hamiltonians are defined as
Ho = iκ
∑
j=1,3,5,...
|j〉Sx
(
1− S2z
) 〈j + 1| (25)
iκ
∑
j=2,4,6,...
|j〉SxS2z 〈j + 1|+H.c.
+2λ
∑
j=1,3,...
|j〉Sz〈j|,
and
He =
√
2iκ|0〉Sx
(
1− S2z
) 〈1| (26)
iκ
∑
j=2,4,6,...
|j〉Sx
(
1− S2z
) 〈j + 1|
iκ
∑
j=1,3,5,...
|j〉SxS2z 〈j + 1|+H.c.
+
√
2λ|0〉Sz〈0|+ 2λ
∑
j=2,4,6,...
|j〉Sz〈j|.
The subscripts o and e represent contributions associated
with the sites with odd and even parity Π. The structures
of Ho and He are schematically illustrated in Fig. 1. It
indicates that the invariant space with k = pi is split in
two unconnected subspaces. This allow us to investigate
the Hamiltonians Ho,e separately.
V. EXACT BOUND-PAIR STATES
Based on the above analysis, besides states |ψj〉, one
can also construct a series of bound-pair states as the
form
|ϕj〉 = 1√
Ωj
[aj (|j,+〉 − |j,−〉) (27)
+i2
√
2 (λ/κ) |j + 1, 0〉
− (|j + 2,+〉 − |j + 2,−〉)],
where the normalization factor Ωj and amplitudes aj
Ωj = 2 (aj)
2
+ 8 (λ/κ)
2
+ 2, (28)
and
aj =
{
2, j = 0
1 j > 1
. (29)
Straightforward derivation shows that
He |ϕj〉 = 0, even j (30)
Ho |ϕj〉 = 0, odd j
i.e., |ϕj〉 is an eigenstate of HSO. This is a direct applica-
tion of the theorem about the bound state on the graph
[16], which states that any eigenstate of a sub-graph is
also the eigenstate of the whole, if the nodes cover all the
joint points. We are interested in the expression of these
states in the atom-photon basis. It is given by
|ϕj〉 =
∑
l
(−1)l√
NΩj
[aj
(
|1〉l |1〉l+j + |e〉l |e〉l+j
)
(31)
−2 (λ/κ)
(
|1〉l |e〉l+j+1 − |e〉l |1〉l+j+1
)
+
(
|1〉l |1〉l+j+2 + |e〉l |e〉l+j+2
)
]
for j ≥ 1, and
|ϕ0〉 =
∑
l
(−1)l√
NΩ0
[a0
√
2 |2〉l (32)
−2 (λ/κ) (|1〉l |e〉l+1 − |e〉l |1〉l+1)
+
(|1〉l |1〉l+2 + |e〉l |e〉l+2)].
Alternatively, direct derivation can check our conclusion
for the original Hamiltonian of a lattice atom-photon sys-
tem in Eq. (1) that
H |ϕj〉 = 2ωa |ϕj〉 . (33)
The formation mechanism of these bound-pair eigen-
states can be understood as the result of quantum inter-
ference in the following three different types of processes.
(i) We start with the case of switching off the JC inter-
action, λ = 0. The atoms are decoupled from the cavity
array. It is readily to check that
[ηj , H − ωa
∑
l
a†l al] = 0, (34)
where the operator ηj is defined as
ηj =
∑
l
(−1)l a†la†l+j . (35)
According to the similiar analysis in Ref. [17], it is found
that state
|Ψn〉 = (ηj)n |G〉 (36)
5l l j+1l+
1 1
l l j+
1 1
1 1
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FIG. 2. (Color online) Schematical illustration for the mechanism of the formation of bound pair eigenstates. There are three
types of destruction interference processes which result in the exact eigenstate |ϕj〉. (a) The Hubbard-type process represeted
in Eq. (40). (b) The JC-type process represeted in Eq. (42). (c) The key process referred as mixed-type in Eq. (44), shows
that the cancellation of the transitions requires the optimal ratio between the parameters λ and κ.
is an eigenstate of H ,
H |Ψn〉 = 2nωa |Ψn〉 . (37)
Furthermore, it is worth to note that even for a Bose
Hubbard model, which involves the on-site interaction,
HBH = −κ
N∑
l=1
(
a†lal+1 +H.c.
)
+
U
2
a†lal
(
a†l al − 1
)
,
(38)
we still have
[ηj , HBH] |G〉 = 0, (39)
which leads to the conclusion that |Ψ1〉 is an eigenstate
of HBH.
The essence of the construction of |Ψ1〉 is due to the
destructive interference between the two transitions from
states |1〉l |1〉l+j and |1〉l+1 |1〉l+j+1
H |1〉l |1〉l+j
H |1〉l+1 |1〉l+j+1
}
−→ |1〉l+1 |1〉l+j + |1〉l |1〉l+j+1 ,
(40)
which results in
H
(
|1〉l |1〉l+j − |1〉l+1 |1〉l+j+1
)
−→ 0. (41)
Here the contribution of H0 is ingored. We refer this as
Hubbard-type process.
(ii) Now we consider the case of switching off the tun-
neling between cavities, κ = 0. Each cavity becomes
separated from its neighbors. We have the identity
H |e〉l |n− 1〉l |n〉l+j
H |n〉l |e〉l+j |n− 1〉l+j
}
= λn |n〉l |n〉l+j , (42)
which results in
H
(
|e〉l |n− 1〉l |n〉l+j − |n〉l |e〉l+j |n− 1〉l+j
)
= 0.
(43)
This means that there is a destructive interference be-
tween the two paths, which are the atom-photon transi-
tions in the two different cavities l and l+ j. It is a pure
QED process in a JC model, which is referred as the JC-
type process. It is easy to check that the combination of
Hubbard and JC-type processes result in the formation
the eigen state |ψj〉.
(iii) The crucial process that makes state |ϕj〉 become
an eigenstate of the complete Hamiltonian is the com-
bination of the above two. In this case, the excitation
number must be 2. The transitions which result in the
6destructive interference are
(1/λ)
(
|e〉l |e〉l+j + |1〉l |1〉l+j+2
)
(−1/κ) |e〉l |1〉l+j+1
}
(44)
→
(
|e〉l |1〉l+j + |e〉l |1〉l+j+2
)
.
We note that the cancellation occurs only if the ampli-
tudes of the two components |e〉l |e〉l+j+ |1〉l |1〉l+j+2 and
|e〉l |1〉l+j+1 are properly assigned. We refer this to the
mixed-type process. In Fig. 2, three processes for the
formation mechanism of the bound pair state is schemat-
ically illustrated.
VI. LONG-RANGE ENTANGLEMENT
We now study the feature of the obtained eigenstates.
Apparently, the pair state |ψj〉 and |ϕj〉 are entangled
states. In the strong coupling limit λ≫ κ, we have
|ϕj〉 ≈
∑
l
(−1)l√
2N
(
|1〉l |e〉l+j+1 − |e〉l |1〉l+j+1
)
, (45)
which is the superposition of entangled states between
two cavities at distance j + 1. States
(|1〉l |e〉l+j+1 − |e〉l |1〉l+j+1)/
√
2 (46)
in |ϕj〉 and
(|e〉l |e〉l+j − |1〉l |1〉l+j)/
√
2 (47)
in |ψj〉 are both maximally entangled states of l-th and
(l + j)-th (or (l+ j + 1)-th) cavities for the two modes,
excited cavity field and excited atom modes. To demon-
strate this concept in a precise manner, we introduce
lower branch and upper branch exciton-polariton states,
|↓〉l =
1√
2
(i |1〉l − |e〉l), (48)
|↑〉l =
1√
2
(i |1〉l + |e〉l), (49)
the superposition of which yields a polariton qubit state
at cavity l. With |↓〉l and |↑〉l being basis, it is given that
|ϕj〉 ∼ 1√
2
(|↑〉l |↑〉l+j+1 − |↓〉l |↓〉l+j+1), (50)
|ψj〉 ∼ 1√
2
(|↑〉l |↑〉l+j + |↓〉l |↓〉l+j), (51)
which are standard Bell states. We note that the en-
tanglement does not decrease as the distance j increases.
The entanglement is one of the great importance for the
new field of quantum information theory. Polaritons [18]
as quasiparticles of light and matter, are the most promis-
ing solution for the interface between electronic and pho-
tonic qubit states.
However, we would like to point out that two atoms for
state |ψj〉 (or |ϕj〉), in l-th and (l+ j)-th (or (l + j + 1)-
th) cavities, do not entangle with each other due to the
following reason. The atomic entanglement can be char-
acterized by concurrence [6]. The reduced density matrix
for two atoms in l-th and (l + j + 1)-th cavities is
ρ(l,l+j+1) = TrpTr(l,l+j+1) (|ϕj〉 〈ϕj |) , (52)
where Trp denotes the trace over all photon variables and
Tr(l,l+j+1) denotes the trace over all atomic variables ex-
cept for l-th and (l + j + 1)-th atoms. It has been shown
in Refs. [6] that the formula for the concurrence of two
quasi-spin in a hybrid system is the same as that for
pure spin-1/2 system [19, 20]. Then the concurrence Cll′
shared between two atoms l and l′ is obtained as
Cll′ = 2max(0, |zll′ | −
√
u+ll′u
−
ll′). (53)
in terms of the quantum correlations
zll′ = 〈ϕj |σ+l σ−l′ |ϕj〉 , (54)
u±ll′ =
1
4
〈ϕj | (1± σzl ) (1± σzl′) |ϕj〉 , (55)
where σ+i =
(
σ−i
)†
= |e〉i 〈g|. It is a straightforward
calculation to show that Cll′ is always zero for both states
|ϕj〉 and |ψj〉.
VII. SUMMARY
In summary, we have established the link between the
two-excitation JCH model and the single-particle 4-leg
ladder with an effective flux, which is shown to be equiv-
alent to a chain system of spin-1 particle with spin-orbit
coupling. It also introduces a mechanism to construct a
series of bound-pair eigenstates, which display long-range
polaritonic entanglement. This finding reveals that the
hybrid system can offer rich features and useful function-
ality, which will motivate further investigation.
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